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In this paper, applying Chebyshev polynomials we give a basic proof of the irreducibility
over the complex number ﬁeld of the deﬁning polynomial of SL2(C)-character variety of
twist knots in inﬁnitely many cases. The irreducibility, combined with a result in the paper
of M. Boileau, S. Boyer, A.W. Reid and S. Wang in 2010, shows the minimality of inﬁnitely
many twist knots for a partial order on the set of prime knots deﬁned by using surjective
group homomorphisms between knot groups. In Appendix B, we also give a straightforward
proof of the result of Boileau et al.
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1. Introduction
In this paper, we show some kind of minimality of twist knots in 3-sphere S3 by using polynomials Sn(z) (n 0) in an
indeterminate z deﬁned by the following recursive relation:
Sn+2(z) = zSn+1(z) − Sn(z), S1(z) = z, S0(z) = 1.
Note that Sn(z) can be transformed into the Chebyshev polynomial of the second type Un(z) deﬁned by
Un+2(z) = 2zUn+1(z) − Un(z), U1(z) = 2z, U0(z) = 1.
Indeed, Un(z) = Sn(2z) holds for any n 0.
In [5] and [11], we investigated the SL2(C)-character variety X(Km) of an m-twist knot Km in S3, where m is a positive
integer. (See Fig. 1 for twist knots Km . Refer to [3] for SL2(C)-character varieties.) Combining results in [5] and [11], we can
describe an explicit form of the deﬁning polynomial of X(Km) as follows. Let Rm(x, y) be the polynomial in the polynomial
ring C[x, y] expressed by
Rm(x, y) := (y + 2)
(
Sm(y) − Sm−1(y) + x2
m−1∑
i=0
Si(y)
)
.
Actually, for any m  1, the zeros of Rm(x, y) coincide with the SL2(C)-character variety X(Km) of the m-twist knot Km .
The indeterminates x and y correspond to the SL2(C)-characters of the homotopy classes of loops in the knot complement
S3 − Km represented by x˜ and y˜, respectively.
Let R˜m(x, y) denote the factor
Sm(y) − Sm−1(y) + x2
m−1∑
i=0
Si(y)
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1060 F. Nagasato / Topology and its Applications 159 (2012) 1059–1063Fig. 1. m-twist knot Km in S3 and loops x˜ and y˜ in S3 − Km parameterizing X(Km).
of Rm(x, y). By Lemma 7 in [5], R˜m(x, y) is irreducible over the rational number ﬁeld Q, thus R˜m(x, y) has no repeated
factors over Q. This is also true for the case of the complex number ﬁeld C:
Theorem 1. (Theorem 2 in [11]) Rm(x, y) has no repeated factors over C.
By Theorem 1, the polynomial Rm(x, y) turns out to be the deﬁning polynomial of the SL2(C)-character variety X(Km).
This paper explains a stronger property on Rm(x, y) than Theorem 1.
Theorem 2. R˜m(x, y) is irreducible over C if 2m + 1 is prime.
We note that in the case of PSL2(C)-character variety the irreducibility of the factor corresponding to R˜m(x, y) is men-
tioned in Example 3.3 of [1] without details. Theorem 2 guarantees the irreducibility of R˜m(x, y) in special cases.
In fact, Theorem 2 gives some minimal elements for a partial order on the set of prime knots in S3 deﬁned as follows.
For a knot K in S3, we denote by G(K ) the knot group of K , i.e., the fundamental group of the knot complement S3 − K .
Let K1 and K2 be prime knots in S3. Then we write K1  K2 if there exists a surjective group homomorphism from G(K1)
onto G(K2). This deﬁnes a partial order on the set of prime knots (see [9] for example).
We now apply the following theorems to the above partial order .
Theorem 3. (Cf. Theorem 4.4 in [2], see also Appendix B.) Suppose K ⊂ S3 is a hyperbolic knot in S3 such that the SL2(C)-character
variety X(K ) of K has only one irreducible component that contains the characters of irreducible representations. Then G(K ) does not
surject onto the knot group of any other non-trivial knot.
We remark that Corollary 1.3 in [2] and Corollary 7.1 in [12] can show a limited version of Theorem 3:
Theorem 4. (Cf. Corollary 7.1 in [12].) Let K be a hyperbolic 2-bridge knot, K ′ a non-trivial knot. Suppose there exists a surjective
group homomorphism φ : G(K ) → G(K ′). Then K ′ is a 2-bridge knot and furthermore the character variety X(K ) has more than one
irreducible components containing the characters of irreducible representations.
Note that any twist knot is a 2-bridge knot. Combining Theorems 2 and 3 (or Theorem 4), we obtain the following:
Corollary 1. An m-twist knot Km (m 1) is a minimal element for the partial order  if 2m + 1 is prime.
We remark that Corollary 1 also shows the minimality of twist knots Km , where 2m + 1 is prime, with respect to the
partial order introduced by Silver and Whitten [13] (see also Hoste and Shanahan’s paper [7]).
This paper explains Theorem 2 and Corollary 1 (supplementally Theorem 3 in Appendix B) in detail.
2. Proof of Theorem 2 and Corollary 1
To prove Theorem 2 we make use of some basic properties of the polynomials Sn(z).
Proof of Theorem 2. Suppose that R˜m(x, y) is reducible over C. (However, it is irreducible over Q by Lemma 7 in [5].) In
this situation, we have the following two cases for the factorization of R˜m(x, y) in terms of the indeterminate x:
• (ax+ b)(cx+ d), where a,b, c,d ∈ C[y],
• (ax2 + b)c, where a,b, c ∈ C[y], ax2 + b is irreducible over C.
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acx2 + (ad + bc)x+ bd = Sm(y) − Sm−1(y) + x2
m−1∑
i=0
Si(y)
must hold. So we have
ac =
m−1∑
i=0
Si(y), ad + bc = 0, bd = Sm(y) − Sm−1(y).
Let us focus on the degree of the above three equations in terms of y. Note that deg(Sm(y)) is m by deﬁnition.
deg(a) + deg(c) =m − 1, deg(a) + deg(d) = deg(b) + deg(c), deg(b) + deg(d) =m.
Combining these equations, we have
2deg(a) = 2deg(b) − 1,
i.e., an even number equals an odd number, a contradiction.
We can also check that the second case never happens by using basic properties of the polynomials Sm(y) as follows.
For the second case, the equation
acx2 + bc = Sm(y) − Sm−1(y) + x2
m−1∑
i=0
Si(y)
must hold. In particular, the following equation is required:
bc = Sm(y) − Sm−1(y), ac =
m−1∑
i=0
Si(y).
Here the Chebyshev polynomial Um(y) = Sm(2y) has the property
Um(cos θ) = sin(m + 1)θ
sin θ
.
Namely, for any integer 0 i m − 1,
Sm
(
2cos
2i + 1
2m + 1π
)
− Sm−1
(
2cos
2i + 1
2m + 1π
)
= 1
sin 2i+12m+1π
(
sin
(
i + 1
2
+ i +
1
2
2m + 1
)
π − sin
(
i + 1
2
− i +
1
2
2m + 1
)
π
)
= 0.
Note that the degree of Sm(y) − Sm−1(y) in terms of y is m by deﬁnition. Thus we see that Sm(y) − Sm−1(y) has the
following nice factorization:
bc = Sm(y) − Sm−1(y) =
m−1∏
i=0
(
y − 2cos 2i + 1
2m + 1π
)
.
Hence c must be factorized as follows:
c =
∏
i∈{k1,...,k j}
(
y − 2cos 2i + 1
2m + 1π
)
,
where k1, . . . ,k j are certain j distinct elements in {0, . . . ,k − 1}. Then the term ac can be expressed as
ac = a
( ∏
i∈{k1,...,k j}
(
y − 2cos 2i + 1
2m + 1π
))
.
Note that if 2m + 1 is prime then the degree of the minimal polynomial of 2 cos( 2i+12m+1π) over Z is exactly m for any
i = 0, . . . ,m − 1 (see Lemma 1 in Appendix A). Since ∑m−1i=0 Si(y) is in Z[y] by deﬁnition, deg(ac) must be at least m. On
the other hand, we have
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(
m−1∑
i=0
Si(y)
)
=m − 1,
a contradiction. This completes the proof. 
Proof of Corollary 1. The twist knot K1 is the trefoil knot, which has already been known as a minimal element with
respect to  (see [9]). For any m  2, the twist knot Km is hyperbolic. It is easy to check that all irreducible characters in
X(Km) must be in the algebraic subset C0 deﬁned by the equation R˜m(x, y) = 0. By Theorem 2, we see that C0 is the only
irreducible component of X(Km) that contains irreducible characters if 2m + 1 is prime. Then it follows from Theorem 3
that Km , where 2m + 1 is prime, is a minimal element for the partial order . This shows Corollary 1. 
It is clear that the method used in this paper can be applied to show a similar property to Corollary 1 for Km (m < 0)
by taking the mirror image K ∗m of Km (m > 0) and some arrangements of the diagram of K ∗m . Details are left to readers.
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Appendix A. Minimal polynomial of 2 cos(π/(2m+ 1))
Lemma 1. For a positive integer m and any j = 0, . . . ,m − 1, the degree of the minimal polynomial of 2cos( 2 j+12m+1π) over Z is m if
2m + 1 is prime.
Proof. We mainly refer to the proof of Proposition 2.1 in [8]. At ﬁrst, we show that the degree of the minimal polynomial
of 2 cos( π2m+1 ) is m if 2m + 1 is prime. For simplicity, put p := 2m + 1 and θ := π2m+1 = πp . It is more or less known that
the minimal polynomial of eiθ over Q, where i := √−1, is the cyclotomic polynomial
C2p(x) :=
∏
1d2p, (d,2p)=1
(
x− eidθ ).
So the extension degree [Q(eiθ );Q] is the Euler totient function ϕ(2p) of 2p. Note that ϕ(2p) = ϕ(p) by a fundamental
property of the Euler totient function.
On the other hand, x2 − 2cos θ + 1 = 0 holds by the equations eiθ + e−iθ = 2cos θ and eiθ · e−iθ = 1. So the extension
degree [Q(eiθ );Q(2cos θ)] is two. Hence we have[
Q(2cos θ);Q]= [Q(eiθ );Q]/[Q(eiθ );Q(2cos θ)]= ϕ(p)/2.
If p = 2m + 1 is prime, then ϕ(p) = p − 1 = 2m by deﬁnition and thus [Q(2cos θ);Q] =m. This shows that the degree of
the minimal polynomial of 2 cos θ over Z is m.
In general, if p = 2m+ 1 is prime, then for integers from 1 to 2p, any odd d except p satisﬁes (d,2p) = 1 and the others
do not satisfy the condition. In this situation, C2p(x) can be described by
C2p(x) =
∏
0 jp−1, j =(p−1)/2
(
x− ei(2 j+1)θ ).
So C2p(x) is also the minimal polynomials of ei(2 j+1)θ over Q for j = 0, . . . , p − 1, j = p−12 . Then it follows from the same
argument as the case of 2 cos θ that
[
Q
(
2cos(2 j + 1)θ);Q]= [Q(2cos 2 j + 1
2m + 1π
)
;Q
]
=m.
This completes the proof. 
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Theorem 4.4 in [2] (see also Corollary 7.1 in [12]) can show Theorem 3. However, its proof would be a little indirect for
Theorem 3. In this appendix, we give a straightforward proof of Theorem 3.
Proof of Theorem3. Suppose there exists a non-trivial knot K ′ in S3 such that K ′ = K and there exists a surjective group ho-
momorphism φ : G(K ) → G(K ′). Then φ induces the injection φ∗ : X(K ′) → X(K ) given by φ∗(χρ ′) := χρ ′◦φ (see Lemma 2.1
in [2]).
Now X(K ) is a union of the irreducible components X red(K ) consisting entirely of the reducible characters and the
irreducible components X irr(K ) including the irreducible characters. Since K is hyperbolic, X irr(K ) includes the irre-
ducible component X0 containing a discrete faithful character χρ0 coming from the holonomy representation. Note that
dimC(X0) = 1. By the assumption of Theorem 3, X irr(K ) has only a single irreducible component and thus X irr(K ) = X0.
It is obvious that φ∗ maps irreducible (resp. reducible) characters in X(K ′) to irreducible (resp. reducible) characters in
X(K ). This indicates that X(K ′) must be a union of the irreducible components X red(K ′) consisting entirely of the reducible
characters and a single (complex) 1-dimensional irreducible component X ′ containing the irreducible characters because φ∗
is an injection. (Note that the SL2(C)-character variety of a non-trivial knot always has an irreducible character. See [10].)
Moreover, φ∗(X ′) = X0 as φ∗ is a closed map in Zariski topology, which can be shown as follows (see also Lemma 2.1 in [1]).
Suppose that the set C := X0 − φ∗(X ′) is not empty. Then there exists a point x0 in C and a sequence {χρ ′n } in X ′ , called
blow-up, such that for some h ∈ G(K ′)∣∣∣ lim
n→∞χρ ′n (h)
∣∣∣= ∞, lim
n→∞φ
∗(χρ ′n ) = x0.
(For example, we can consider a sequence {χρn } in φ∗(X ′) = X0 − C with limn→∞ χρn = x0 because dimC(X0) = 1. Then
taking the preimage of χρn under φ
∗ , we can obtain a blow-up {χρ ′n }.) By deﬁnition, the above behavior of φ∗(χρ ′n ) at
inﬁnity can be transformed as follows:∣∣∣ lim
n→∞χρ ′n
(
φ(g)
)∣∣∣= ∣∣x0(g)∣∣,
for any g ∈ G(K ). Note that since x0 is in X0, the right side of the above equation does not diverge for any g ∈ G(K ). As
φ : G(K ) → G(K ′) is surjective, for some g0 ∈ G(K ) we have φ(g0) = h and thus the equality∣∣∣ lim
n→∞χρ ′n (h)
∣∣∣= ∣∣x0(g0)∣∣
holds. The left side of the equality diverges, meanwhile the right side converges, a contradiction.
Now we have φ∗(X ′) = X0. In this situation, there must exist an irreducible character χρ ′ ∈ X ′ such that φ∗(χρ ′ ) = χρ0 ,
i.e., χρ ′◦φ = χρ0 . Since ρ ′ ◦ φ and ρ0 are irreducible, they are conjugate (see Proposition 1.5.2 in [3]). So there exists a
matrix A ∈ SL2(C) such that A−1ρ ′(φ(g))A = ρ0(g) for any g ∈ G(K ). Here ρ0 is faithful. Hence φ : G(K ) → G(K ′) must be
bijective and thus a group isomorphism.
In this situation, K ′ cannot be a prime knot, because if K ′ is prime then G(K ) ∼= G(K ′) means K = K ′ (refer to [6]
and [14]), a contradiction. (This is enough for the proof of Theorem 3 for prime knots.) In addition, K ′ cannot be a composite
knot by Lemma 2 in [4]. 
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